EXACT MINIMUM DEGREE THRESHOLDS FOR PERFECT MATCHINGS 

IN UNIFORM HYPERGRAPHS II 



ANDREW TREGLOWN* AND YI ZHAQt 

Abstract. Given positive integers fc > 3 and £ where fc/2 < ^ < fc — 1, we give a minimum 
i'-degree condition that ensures a perfect matching in a fc-uniform hypergraph. This condition is 
best possible and improves on work of Pikhurko [15] who gave an asymptotically exact result. Our 
approach makes use of the absorbing method, and builds on work in [21], where we proved the 
result for k divisible by 4. 



1. Introduction 

A central question in graph theory is to estabhsh conditions that ensure a (hyper) graph H 
contains some spanning (hyper)graph F. Of course, it is desirable to fully characterize those 
(hyper)graphs H that contain a spanning copy of a given (hyper)graph F. Tutte's theorem [22] 
characterizes those graphs with a perfect matching. (A perfect matching in a (hyper)graph H is a 
collection of vertex-disjoint edges of H which cover the vertex set V{H) of H.) However, for some 
(hyper)graphs F it is unlikely that such a characterization exists. Indeed, for many (hyper)graphs 
F the decision problem of whether a (hyper)graph H contains F is NP-complete. For example, in 
contrast to the graph case, the decision problem whether a fe-uniform hypergraph contains a perfect 
matching is NP-complete for A; > 3 (see [7, 4]). Thus, it is desirable to find sufficient conditions 
that ensure a perfect matching in a A;-uniform hypergraph. 

Given a /c-uniform hypergraph H with an ^-element vertex set S (where 0<^<A; — l)we define 
dniS) to be the number of edges containing S. The minimum i-degree 6^{H) of H is the minimum 
of dniS) over all ^-element sets S of vertices in H. Clearly 6o{H) is the number of edges in H. We 
also refer to 6i{H) as the minimum vertex degree of H and 5k-i{H) the minimum codegree of H. 

Over the last few years there has been a strong focus in establishing minimum ^-degree thresholds 
that force a perfect matching in a /c-uniform hypergraph. See [16] for a survey on matchings (and 
Hamilton cycles) in hypergraphs. In particular, Rodl, Rucihski and Szemeredi [19] determined 
the minimum codegree threshold that ensures a perfect matching in a A:-uniform hypergraph on n 
vertices for all k > 3. The threshold is n/2 — k + C, where C £ {3/2,2,5/2,3} depends on the 
values of n and k. This improved bounds given in [11, 18]. 

Less is known about minimum vertex degree thresholds that force a perfect matching. One 
of the earliest results on perfect matchings was given by Daykin and Haggkvist [3], who showed 
that a A:-uniform hypergraph H on n vertices contains a perfect matching provided that 5i{H) > 
(1 — 1 /k) {^Zi) ■ Han, Person and Schacht [6] determined, asymptotically, the minimum vertex degree 
that forces a perfect matching in a 3-uniform hypergraph. Kiihn, Osthus and Treglown [12] and 
independently Khan [9] made this result exact. Khan [10] has also determined the exact minimum 
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vertex degree threshold for 4-uniform hypergraphs. For k > 5, the precise minimum vertex degree 
threshold which ensures a perfect matching in a fc-uniform hypergraph is not known. 

The situation for ^-degrees where 1 < £ < k — 1 is also still open. Han, Person and Schacht [6] 
provided conditions on Si{H) that ensure a perfect matching in the case when 1 < £ < k/2. These 
bounds were subsequently lowered by Markstrom and Rucinski [14]. Alon et al. [1] gave a connection 
between the minimum ^-degree that forces a perfect matching in a fc-uniform hypergraph and the 
minimum ^-degree that forces a perfect fractional matching. As a consequence of this result they 
determined, asymptotically, the minimum ^-degree which forces a perfect matching in a fc-uniform 
hypergraph for the following values of {k,i): (4,1), (5,1), (5,2), (6,2), and (7,3). 

Pikhurko [15] showed that ii i > k/2 and H is a /c-uniform hypergraph whose order n is divisible 
by k then H has a perfect matching provided that Si{H) > (1/2 + o(l))(^"^). This result is best 
possible up to the o(l)-tcrm (sec the constructions in T-Lcxtin, k) below). 

In this paper we make Pikhurko's result exact. In order to state our main result, we need some 
more definitions. Fix a set F of n vertices. Given a partition of V into non-empty sets A, B, let 
E^^^{A,B) {E^^^^{A,B)) denote the family of all fc-clcment subsets of V that intersect A in an 
odd (even) number of vertices. (Notice that the ordering of the vertex classes A,B is important.) 
When it is clear from the context, we write, for example, Eoa^{A,B). Define Bn^ki^^B) to be 
the A;- uniform hypergraph with vertex set V = AU B and edge set Eodd{A,B). Note that the 
complement Bn^ki^, B) of ^?,„,fc(A, S) has edge set £'cvcn(^)^)- 

Suppose n,k such that k divides n. Define T-Lc-xt{n,k) to be the collection of the following 
hypergraphs: ^ext(^)^) contains all hypergraphs Bn,k{A-,B) where \A\ is odd. Further, if n/k is 
odd then Hextin, k) also contains all hypergraphs Bn,k{A, B) where |^| is even; if n/k is even then 
T^extin-jk) also contains all hypergraphs Bn^ki^} B) where \A\ is odd. 

It is easy to see that no hypergraph in Tie^tin, k) contains a perfect matching. Indeed, first assume 
that \A\ is even and n/k is odd. Since every edge of Bn,k{^, B) intersects A in an odd number of 
vertices, one cannot cover A with an odd number of disjoint odd sets. Similarly Bn^k{A-,B) does 
not contain a perfect matching if \A\ is odd and n/k is even. Finally, if \A\ is odd then since every 
edge of Bn,k{^j B) intersects A in an even number of vertices, Bn^ki^^ B) does not contain a perfect 
matching. 

Given i £ N such that k/2 < i < k — 1 define S{n,k,i) to be the maximum of the minimum 
^-degrees among all the hypergraphs in T-iexxiji^k). For example, it is not hard to see that 

k + 2 if A;/2 is even and n/k is odd 

k + 3/2 if k is odd and {n — l)/2 is odd 

k + 1/2 if k is odd and (n — l)/2 is even 

k + 1 otherwise. 

The following is our main result. 

Theorem 1.1. Let k,£ e N such that k > 3 and k/2 < £ < k — 1. Then there exists an no e N 
such that the following holds. Suppose H is a k-uniform hypergraph on n > no vertices where k 
divides n. If 

6i{H) > 5{n,k,l) 

then H contains a perfect matching. 

In [21], we proved Theorem 1.1 in the case when 4 divides k. Independently to this, Czygrinow 
and Kamat [2] proved Theorem 1.1 in the case when = 4 and £ = 2. To prove Theorem 1.1 we 
use several ideas and results from [21]. In particular, the so-called 'extremal' case of Theorem 1.1 
was proved in [21] for all values of k. However, in some parts of the proof of the 'non-extremal' 
case we use a very different approach to that in [21]. We discuss this in more detail in Section 4. 
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As explained before, the minimum ^-degree condition in Theorem 1.1 is best possible. Theo- 
rem 1.1 and (1) together give the aforementioned result of Rodl, Rucihski and Szemeredi [19]. 

In general, the precise value of 6{n,k,£) is unknown because it is not known what value of |^| 
maximizes the minimum ^-degree of Bn^k{A, B) (or Bn^k{A, B)). (See [21] for a discussion on this.) 
However, in [21] we gave a tight upper bound on (5(n,4, 2). 

2. Notation and preliminaries 

2.1. Definitions and notation. Given a set X and r G N, we write (^) for the set of all r-element 
subsets (r-subsets, for short) of X. Given a set S and an element x, we often write S — {x} as 
S — X and S U {x} as S + x. Let /c G N. A /c-uniform hypergraph H consists of a set of vertices 
V{H) and a set of edges E{H) C {^^p). So in the case when k = I, E{H) C V{H). (The notion 
of a 1-uniform hypergraph will be used in Section 5.) 

Let k,£ e N. Suppose H = {V{H), E{H)) is a fc-uniform hypergraph. Let {vi, . . . ,Vi} be an 
^-subset of V{H). Often we write it as vi . . . Vf (i.e. we drop the brackets and commas), or simply 
V. Given v € {^^f^), we write Nh{v) or N{v) to denote the neighborhood ofv, that is, the family of 
those {k — £)-subsets of V{H) which, together with v, form an edge in H. Then |A^j^(i^)| = dniv). 
Given a vertex v G V{H), we define Nh{v) and dniv) analogously. 

We denote the complement of H by H. That is, H := iV{H), {^'■p) \ E{H)). Given a set 
A C V{H), H[A\ denotes the A;-uniform subhypergraph of H induced by A, namely, H\A\ := 
{A,E{H) n (;J)). Given B C E{H), we define H[B] := {V{H),B). 

Let A, B be sets and let m be a positive real. Let AAB := {A\B)U{D\A) denote the symmetric 
difference of A and B. We write A = B zizm if \AAB\ < m. 

Let £ > 0. Suppose that H and H' are /c-uniform hypegraphs on n vertices. We say that H is 
e- close to H', and write H = H' ± en^, if H becomes a copy of H' after adding and deleting at 
most en'' edges. More precisely, H is e-close to H' if there is an isomorphic copy H of H such that 
V{H) = V{H') and \E{H)AE{H')\ < en''. 

Given a graph G, x & V{G) and Y C V{G), we denote by dc{x, Y) the number of vertices y EY 
such that xy G E{G). Given disjoint A,B <Z V{G) we let e(A, B) denote the number of edges in G 
with one endpoint in A and one cndpoint in B. Further, we let Ka^b denote the complete bipartite 
graph with vertex classes A and B. 

We will often write < ai <C 02 <C 03 to mean that we can choose the constants ai, 02, 03 from 
right to left. More precisely, there are increasing functions / and g such that, given 03, whenever we 
choose some 02 < /(os) and oi < 5(02), all calculations needed in our proof are valid. Hierarchies 
with more constants are defined in the obvious way. Throughout the paper we omit floors and 
ceilings whenever this does not affect the argument. 

2.2. The extremal graph Bn^k and absorbing sets. Suppose that n, /c G N such that n > k. Let 
A,B he a partition of a set of n vertices. Recall that Bn,k{^j B) is the fe-uniform hypergraph with 
vertex set ^US and edge set Ef)^^{A, B), and its complement Bn^ki^: B) has edge set £'even(^, B). 
(Note that Bn,i{A,B) has edge set A and Bn,i{A,B) has edge set B.) When \A\ = [n/2j and 
\B\ = [n/2], we simply denote Bn,k{A,B) by Bn,k, and Bn,k{A,B) by Bn,k- 

Following the ideas of Rodl, Rucihski and Szemeredi [17, 19], we deflne absorbing sets as follows: 
Given a A;-uniform hypergraph H, a set 5 C V{H) is called an absorbing set for Q C V{H), if both 
H[S] and H[S Q] contain perfect matchings. In this case, if the matching covering S is M, we 
also say M absorbs Q. 

2.3. Useful results. When considering ^-degree together with ^'-degree for some I' 7^ £, the fol- 
lowing proposition is very useful (the proof is a standard counting argument, which we omit). 
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Proposition 2.1. Let < £ < f < k and H be a k-uniform hypergraph. If S£'{H) > for 
some < a; < 1, then Se{H) > x(^I^) . 

The following two results are applied in Section 5.2. Given an r-uniform hypergraph F = {V, E) 
with two distinct vertices u,v G V, define Df{u, v) as the family of (r + l)-subsets S £ (^+1) such 
that u,v & S and either S — u & E and S — v^E, 01 S — u^E and S — v & E. Note that 
Df{u,v) = Df{v,u) = Dj;{u,v), where F is the complement of F. 

Lemma 2.2. Given any r G N and a > there exists an no e N such that the following holds. 
Let F = {V,E) be an r-uniform hypergraph on n > no vertices with edge density p := G 
[a, 1 — a] . Then 

(2) \DF{v,v')\>a{l-a)( ^ Y 

In particular, there exists two vertices v, v' e V such that \Df{v,v')\ > a{l - a)n'-'^ / {r + l)\ . 

Proof. If r = 1 then the second assertion is trivial. If r > 2, the second assertion follows by an 
averaging argument: if the first assertion holds, then there exist two vertices v and v' in V such 
that 

,^ , ,,, ail — a) f n \ , 2(n — 2) • • • (n — r) , n'^~^ 

\Df{v,v')\> , J =a(l-a)^ j^—^^ i>a{l-a)- 



(^) V^+V (^ + 1)! ~ '(r + 1)!' 

since n is sufficiently large. 

We prove the first assertion by double counting and the Kruskal-Katona theorem. Let m denote 
the left-hand side of (2), that is, the number of (r + l)-subsets S <ZV that contains two labeled 
vertices v ^ v' such that exactly one oi S — v and S — v' \s in E. For < z < r -|- 1, let denote 
the number of (r -|- l)-subsets of V that span exactly i edges of F. It is easy to see that 

r+l r 

\E\{n — r) = 'Y^iti and m = i(r + 1 — i)ti. 

Thus, 

r 

(3) m>Yiti = \E\{n-r)- {r + l)tr+i. 

1=1 

A version of the Kruskal— Katona theorem by Lovasz [13] states that given a family A of /c-element 
sets, if > (^) for some real number x, then the size of its shadow dA is greater than 
This implies that if an r-uniform hypergraph has at most edges, then tr+i, the number of the 
(r + l)-cliques in the hypergraph, is at most {.^.^i) ■ Since \E\ = < ^ ^,^^~^)^ we derive that 
tr+i ^ ^ r+i^ ^)' Substituting this into (3), we have that 

(n\ ( p^l'^n + r — 1 

^J(n-r)-(r + l)(^ 

^;^)(r + l)-p^(r + l)(^;j-OK) 

l/r\ ' - ^ / ^ 



= p(l-/n(r + l)^^^ J - OK). 

Since p G [a, 1 — a], we have that 

p(l - p'''') > min{a(l - a^^)^ (1 _ - (1 - a)^/"")}. 



Using the fact that 1 — a^/'' > (1 — Q;)/r, this minimum is at least a{l — a) jr. As n is sufHciently 
large, this gives that 

m>a(\-a)'-^( V ^K) > a(l - a) ^ ^ 

□ 



r V r + 1/ V + 1 



Proposition 2.3. For rGN, 0<c<l and n — >■ oo, 

0<i<r,ieven ^ ^ ^ 

E (",)Cr'")-^('-p-i)')-o(«'-'). 

0<i<r,iodd ^ / ^ / 
Proof. Throughout the proof we assume that < i < r. We observe that 

- .) r'") - - °("-) - ^C) (¥)■ - 

Since 



kI even i oddy 



I / \ C J \ l \ C \ CI C 



E-EiOfi^y^EMrfnfi^y^-i^^^' 



, c I — ' V«/ V c 

Eleven jodd/ ' j 



we have 



1/1 /2c- 1 



2 V c'- V c 



•i even ^ ' ^ ' ^ ^ j odd 

The two desired equalities follow immediately. □ 

3. Proof of Theorem 1.1 

Most of the paper is devoted to proving the following result. 

Theorem 3.1. LeA. e > and /c,^ G N such that k > 3 and k/2 < £ < k — 1. Then there exist 
a, ^ > and uq £ N such that the following holds. Suppose that H is a k-uniform hypergraph on 
n> no vertices. If 

then H is e-close to Bn,k or Bn,k, or H contains a matching M of size \M\ < ^n/k that absorbs 
any set W C V{H) \ V{M) such that \W\ G kN with \W\ < ^'^n. 

We prove Theorem 3.1 in Section 5. Once Theorem 3.1 is proven, we can derive Theorem 1.1 in 
the same way as described in [21]. For completeness, we include the proof here. 

Theorem 3.2. [21, Theorem 4.1] Given 1 < £ < k — 1, there exist e > and G N such that 
the following holds. Suppose that H is a k-uniform hypergraph on n > no vertices such that n is 
divisible by k. If 5t{H) > S{n,k,£) and H is e-close to Bn,k or Bn,kj ihen H contains a perfect 
matching. 
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Theorem 3.2 ensures a perfect matching when our hypergraph H is 'close' to one of the 'extremal' 
hypergraphs Bn,k and I3n,k- When H is non-extremal we will apply the following result of Markstrom 
and Rucihski [14] to ensure an 'almost' perfect matching in H. 

Theorem 3.3. [14, Lemma 2] For each integer k > 3, every 1 < £ < k — 2 and every 7 > there 
exists anno such that the following holds. Suppose that H is a k -uniform hypergraph onn> uq 
vertices such that 

Then H contains a matching covering all hut at most ^Jn vertices. 

In [14], Markstrom and Rucihski only stated Theorem 3.3 for \ < i < k/2. In fact, their proof 
works for all values of i such that 1 < i < k — 2. In the case when i = k — 1, we need a result of 
Rodl, Rucihski and Szemeredi [19, Fact 2.1]: Suppose if is a /c-uniform hypergraph on n vertices. 
If Sk^i{H) > n/k, then H contains a matching covering all but at most k"^ vertices in H. 

Proof of Theorem 1.1. Let e be as in Theorem 3.2 and a,^ be as in Theorem 3.1. That is, 

< a,^ <C e < 1/k. 

Assume that k/2 < i < k — 1. Suppose that n is sufficiently large and k divides n. Consider any 
A;-uniform hypergraph H on n vertices such that 

Se{H) > 5{n,k,l). 

By the definition of Tiextin, k), there exists a fc-uniform hypergraph Bn,k{A,B) G 7iext{n,k) 
with \A\ G {[n/2\,[n/2\ + 1}. Clearly Sk-iiBnA"^, B)) > n/2 - k. Thus, by Proposition 2.1, 
Si{Bn,k{^, B)) > (1/2 - a){lz'e)- Consequently 5i{H) > (1/2 - a)(^I^). Theorem 3.1 implies that 
either H is e-closc to Bn.k or Bn,k or H contains a matching M of size \M\ < ^n/k that absorbs 
any set W C V{H) \ V{M) such that \W\ G kn with \W\ < ^^n. In the former case Theorem 3.2 
implies that H contains a perfect matching. In the latter case set H' := H[V{H) \ V{M)] and 
n' := |F(i?')|. Since £ > k/2, a,^ <^ 1/k and n is sufficiently large, 

m') > s,(H) - iv(M)i(^ ^) > (i^ _ + „) (;;_-;). 

Therefore, if £ < k — 2, Theorem 3.3 implies that H' contains a matching M' covering all but 
at most Vn^ vertices in H'. li £ = k — 1, then since Se{H') > n'/k, Fact 2.1 from [19] implies 
that H' contains a matching M' covering all but at most k^ vertices in H'. In both cases set 
W := V{H')\V{M'). Then \W\ < \fn' < ^^n. By definition of M, there is a matching M" in H 
which covers V{M) U W. Hence, M' U M" is a perfect matching of H, as desired. □ 

4. Outline of the proof of Theorem 3.1 

In [21] we proved Theorem 3.1 in the case when k is divisible by 4. In this section we give an 
overview of the proof of Theorem 3.1 and explain how our method differs to that used in [21]. 

4.1. The method used in [21]. Let fc G N be divisible by 4. Consider a /c-uniform hypergraph H 
as in Theorem 3.1. Define the graph G' with vertex set (^^^■*) in which two vertices x,y E V{G') 
are adjacent if and only if xUy G E{H). Set N := \G'\. In [21] the proof splits into two main steps. 

Step 1: We prove that G' or G' is 'close' to i^Ar/2,Af/2 or H contains the matching M as desired in 
Theorem 3.1. 

Step 2: If G' or G' is 'close' to i^iv/2,Ar/2 then we prove that H is e-close to Bn,k or Bn,k- 
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Notice that we cannot adopt quite the same approach as above to prove Theorem 3.1 for all values 
of k. Indeed, to define G' we require that k is even. Moreover, the proof of Step 2 in [21] uses that 
k is divisible by 4: Since G' or G' is 'close' to K^/2,N/2y we obtain a 'natural' partition R,B of 
V{G') = {^^j^^) where \R\ = \B\ = N/2. Consider a complete fc/2-umform hypergraph K whose 

vertex set is V{H). Thus, E{K) = {^^j^^)- Hence, we can view the partition R,B of (^^^^) as a 
2-coloring of E{K). We then apply the hypergraph removal lemma (see e.g. [5, 20]) together with 
a result of Keevash and Sudakov [8] to obtain structure in K. (We show that K[R] or K[B] is 
'close' to This structure in K together with the fact that G' or G' is 'close' to Kj\j^2,N/2 

implies that H is e-close to Bn,k or ■^n,*;- Crucially, the result of Keevash and Sudakov concerns 
hypergraphs of even uniformity. Thus, we require that K has even uniformity and hence, that k is 
divisible by 4. 

4.2. The new method. Let H he a A;-uniform hypergraph on n vertices as in Theorem 3.1. To 

prove Theorem 3.1 we introduce a bipartite analog of G'. Set r := \k/2], r' := [k/2\, := (^^^^) 
and y' := (^[.f^). Further, let N := {'^) and N' := (;*). Define the bipartite graph G as follows: 
G has vertex classes and V^' . Two vertices xi . . . Xr G X''' and yi . . .i/r' G Y^' are adjacent in 
G if and only if xi . . . XrUi . . .yr> & ^{H)- The proof again splits into two main parts. 

Step 1: We prove that G is 'close' to the disjoint union of two copies of K^/2,N'/2 or H contains 
the matching M as desired in Theorem 3.1. 

Step 2: If G is 'close' to the disjoint union of two copies of -f^jv/2,iV'/2 then we prove that H is 

e-close to Bn,k or Bn^k- 

Step 1 can be proved using a similar approach to the corresponding step in [21]. Step 2, however, 
is tackled in a different way. Indeed, we do not consider an auxiliary hypergraph K as in [21]. 
Instead, we obtain structure in H through direct arguments on the graph G. 

5. Proof of Theorem 3.1 

In this section we prove Theorem 3.1. Let a > and /c, £ G N such that fc > 3 and k/2 < i < k—1. 
Given a /c-uniform hypergraph H onn vertices such that d£{H) > — a) (fcZ^) , by Proposition 2.1, 
we have Sr{H) > — a) (^I^) where r := |^A;/2]. Hence, in order to prove Theorem 3.1 it suffices 
to prove the following result. 

Theorem 5.1. Given any e > and integer k >3, there exist a, > and no G N such that the 
following holds. Set r := [fc/2]. Suppose that H is a k-uniform hypergraph on n>nQ vertices. If 

-)(:::) 

then H is e-close to Bn,k or Bn,k, or H contains a matching M of size \M\ < ^n/k that absorbs 
any set W C V{H) \ V{M) such that \W\ G kN with \W\ < ^"^n. 

Theorem 5.1 immediately follows from Lemmas 5.2-5.4. The following lemma from [21] states 
that in order to find the absorbing set described in Theorem 5.1, it suffices to prove that there are 
at least ^n^^ absorbing 2k-seis for every fixed A;-set from V{H). 

Lemma 5.2. [21, Lemma 5.2] Given < ^ ^ 1 and an integer k > 2, there exists an no G N such 
that the following holds. Consider a k-uniform hypergraph H on n> hq vertices. Suppose that any 
k-set of vertices Q Q V{H) can be absorbed by at least ^n^^ 2k-sets of vertices from V{H). Then 
H contains a matching M of size \M\ < ^n/k that absorbs any set W C V{H)\y{M) such that 
\W\ G kn and \W\ < ^'^n. 
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Throughout this section we will use the following notation. Let /c > 3 be an integer and set 
r := \k/2\ and r' := k~r. Given a A;-uniform hypergraph iJ, define X*" := (^^^^) and y ' := i^^^^^. 
SetiV:=(;0 andiV':=(;^,). 

Given a A;-uniform hypergraph H, we define the bipartite graph G{H) as follows: G{H) has 
vertex classes X'^ and y . Two vertices xi . . .Xr G and yi . . . y^' £ are adjacent in G{H) 
if and only if xi . . . XrVi ■ ■ - Vr' € E(H). When it is clear from the context, we will often refer to 
G{H) as G. 

Let A; > 3 and n be positive integers. Denote by B^^k the bipartite graph with vertex classes X 
and Y of sizes N and N' respectively which satisfies the following properties: 

• Xi,X2 is a partition of X such that |Xi| = \N/2\ and \X2\ = [N/2\; 

• Yi,Y2 is a partition of Y such that |yi| = riV72] and 1^2! = [N'/2\; 

• Bn,k[Xi,Yi] and Bn,k[X2,Y2] are complete bipartite graphs. Further, there are no other 
edges in Bn,k- 

Lemma 5.3. Given any /3 > and an integer k > 3, there exist a, ^ > 0, and no G N such that 
the following holds. Suppose that H is a k-uniform hypergraph on n> uq vertices so that 

Set G := G{H). Then at least one of the following assertions holds. 

• G = Bn,k i I3NN' ; in other words, G becomes a copy of Bn^k after adding or deleting at 

most f3NN' edges. 

• There are at least $^n^^ absorbing 2k-sets in {^2k^) for every k-subset ofV{H). 

Lemma 5.4. Given any £ > and integer k > 3, there exist /3 > and no G N such that the 
following holds. Suppose that H is a k-uniform hypergraph on n > tiq vertices. Suppose further 
that G := G{H) satisfies G = B^ k ± fiNN' . Then H is e-close to B^^k or Bn,k- 

The rest of the section is devoted to the proof of Lemmas 5.3 and 5.4. 
5.1. Proof of Lemma 5.3. Given P > 0, we choose additional constants 7, q;,C such that 

(4) < ^ < a < 7 < ^. 

Without loss of generality we may assume that P ^ 1/k. We also assume that n is sufficiently 
large. 

We have that 

(5) 6r{H) > (1/2 - a) : > (1/2 - 2a) 
and so by Proposition 2.1, 

n — r'\ ^ ,„ ,^ „ ^ /n 



(6) SriH) > (1/2- a) ( , >(l/2-2a) 

\K — r J \r 

Let Q C V{H) be a /c-sct. It is easy to sec that if Q has at least 7^n'^ absorbing /c-sets then Q 
has at least ^n"^^ absorbing 2A;-sets. Indeed, let P be an absorbing A:-set for Q. Then P U e is an 
absorbing 2A;-set for Q for any edge e G E{H — (P U Q)). Note that 

1 ^ f n — r^ iT) _ f ^ 
Thus, as n is sufficiently large, there are at least 



n 



-a] [ \ - 2k[ , \> 



2 J \kj \k-lj - 4{k\ 




edges in H — {PUQ). Since an absorbing 2A;-set may be counted at most (^^^) times when counting 
the number of P, e, there are at least 

absorbing 2A;-sets for Q. 

Therefore, in order to prove Lemma 5.3, it suffices to prove the following two claims. 

Claim 5.5. If either of the following cases holds, then we can find j^n^ absorbing k-sets or ^"^n^^ 
absorbing 2k-sets for every k-set Q G (^^/^^) ■ 

Case (a) : For any r-tuple a G C"^^^), there are at least + 7)(^) r-tuples b G {^^^^) such 

that \NHia)r)NHib)\>7{l!,). 
Case (b): \{a G d^^) : dnia) > +7)C)}| > 

Claim 5.6. // neither Case (a) or Case (b) holds, then G = Bn.k i (3NN' . 

Proof of Claim 5.5. We argue in a similar way to the proof of Claim 5.5 in [21]. Given a fe-set 
Q = {xi, . . . , Xr' ,yi, ■ ■ ■ , yr} ^ we will consider two types of absorbing sets for Q: 

Absorbing fc-sets: These consist of a single edge x'l... x'j.y[ ■ ■ .y'^i G E{H) with the property 

that both xi . . . Xr'x'i . . .x\ and y\. ■ ■ yrV'x ■ ■ - y'r' a^'s edges of H. 
Absorbing 2A;-sets: These consist of distinct vertices x'^, . . . , x^, y'^, . . . ,y[.,, w'l, . . . , w'^,, 

z'l, . . . ,Zj. G V{H) such that x'l . . . x'j.w'i . . . w'^, , y'l ■ ■ ■ y[./z'i . . . z'j. and w'l . . . w'^/z'i . . . z'^ are 

edges in H. Furthermore, and yi . . . yry'i • • • y^' ^'^^ edges of H (see 

Figure 1). 

Write x:=xi... x^' and y := yi . . . yr. For any two (not necessarily disjoint) r-tuples a, b^ (^t^^) 
we call a a good r-tuple for b if \NH{a) n Nnib)] > 7(") /2. We first observe that Q has at least 
7^n'^ absorbing A;-sets if there are 

(7) at least — ( j good r-tuples in Nh{x) for y. 



Indeed, assume that (7) holds. There are at most r(^^'^-^) r-tuples in {^^^'') that contain at least one 
clement from {yi, . . . , y^}- Therefore, there are at least 7(") /2 — r-tuples in Nh{x) that are 

good for y and disjoint from y. Let us pick such an r-tuple x' = x[ . . . x[.. Thus, \N}i{^d)^^H{y)\ ^ 
7(",) /2. We pick y' = y[ . . . y'^, G Nh(x') n Nffiy) such that y' is disjoint from x. Note that there 
are at least 7(")/2 — r'(^,'^-^) choices for y'. Notice that the A;-set {x[, . . . ,x'j.,y[, . . . ,y'j.,} is an 
absorbing set for Q since x[ . . . x'^y'-y . . . y^, , x\. . . x^ix'-^ . . .x'^ and y\. ■ . yry'\ ■ ■ - y'^i are edges in H. 
Since an absorbing fe-set may be counted (^) times, this argument implies that there are at least 



2\rJ \r-lj J \2\r'J V - 1 J J {'^) 
absorbing fc-sets for Q. 

Now assume that Case (a) holds. This implies that there are at least -|-7)(") good r-tuples 
fory. By (6), dnix) > (1/2 - 2a) . So there are at least (7-2q;)(^) > 7 (;!) /2 r-'tuples in A^j^ (x) 
that are good for y. Thus, (7) holds and consequently Q has at least j^n'' absorbing A;-sets. 

Next assume Case (b) holds. For any two (not necessarily disjoint) r'-tuples a, bG {^l^^) we call 
a a good r' -tuple for b if \NH{a) fl NH{b)\ > jQ) /2. By arguing in an identical fashion as before, 
note that Q has at least j^n'^ absorbing A;-sets if there are 

(8) at least — ( ^ j good r'-tuples in Nh (y) for x. 

Let A := {a G (^^f^) : dnia) > (5 + 7)(")}- So by assumption, |A| > 27("). Note that every 
a G A is good for arbitrary b G (^J,f^) since \NH{a)\ > (1/2 + 7)(';), |iVif(6)| > (1/2 - 2a){'^) and 
therefore {Nnia) n iV^f(6)| > (7 - 2a){'^) > ^{'^)/2. Thus, if |An iVH(y)| > 7(;/)/2 then (8) is 
satisfied. Therefore, we may assume that |A n NH{y)\ < 7("/) /2. 

We also assume that (7) fails (otherwise we are done). Thus, less than 7(")/2 r-tuples in 
Nh{x) are good for y and consequently, at least (^ — 2a)(") — ^(") r-tuples x[ G Nh{x) satisfy 
\^h{x') n iV//(y)| < 7(") /2. We pick such an r-tuple x' that is disjoint from y; there are at least 
(i - 2a)(;!) - !(;!) - r{^\) > (i - 7)(;!) r-tuples with this property. Since 

u ^.(2)1 > 2 (i-2„)(;,)- 2 (;),(;) -.(;), 

it follows that 



|A n Nh{x:)\ > |A| - |A n NH{y)\ - \{Nh{x') U iV^(y))| 

Now pick any w' G AnNnix') that is disjoint from Q. (Note there are at least | (",) -k[^,\) > ^ (^,) 
choices for w'.) Next pick an r'-tuple y' G Nniy) such that y' is disjoint from x, x' and w'. (There 
are at least (i - 2a)(") - 2/c(^.," J >"(| - 7)(") choices for y' here.) By the definition of A, there 
are at least (7 - 2a)(") r-sets in Nniu/) fl iV//(y')- We pick z' G NHim!) D Nni]/) such that z' is 
disjoint from x, y and a;'. (There are at least (7 — 2a)(") — 2A:(y,"j^) > 7(^)/2 choices for / here.) 

Let S denote the 2A;-set consisting of the vertices contained in x', y', w' and z'. By the choice of 
x', y', w' and z', S is an absorbing 2A;-set for Q. 

In summary, there are at least (^ — 7)(") choices for x', at least ^(") choices for w', at least 
(5 ~ '^)(r') choices for y' and at least ^(") choices for Since each absorbing 2A;-set may be 
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counted i^^:) (^^^, (^) times, there are at least 

2 - ^) (r) C') I C') i (r) ^ - 

absorbing 2fc-sets for Q, as desired. □ 



Proof of Claim 5.6. Note that by (5) and (6), 

(10) dcix) > (1/2 - 7)iV' for all x G X'^ and dciy) > (1/2 - -f)N for all y G y'. 

Further by assumption, the following conditions hold. 

(i) : There exists a vertex a^X^ such that at most {^ + j)N vertices b G satisfy \NG{a) fl 
7Vg(6)| >7iV'. 

(ii) : \{v e y' : daiv) > (^ + 7)^}| < "^1^'. 

Let 5' := A^G(a) C and ^" := G : |B' n ArG(x)| < -fN'}. Then > (5 - 7)Ar' and 
\A"\ > (i - 7)iV. 

We also need an upper bound on \B'\. Fix X G A". Since |A^g(x)| > (5 - 7)A^', we have 

\B'\ + (1 - 7) iV' < + \Ng{x)\ = \B' U Ng{x)\ + \B' n ArG(x)| <N' + -fN', 

which gives < (i + 27)iV'. 

By the definition of A", we have e{A",B') < -fN'\A"\. Thus, (10) implies that 

(11) e{A",B") > (1/2 - 2^)N'\A"\, 

where B" := V' \ B' . Next we show that e(A', B") is very small, where A' := X'' \ A". 
Claim 5.7. e(A',5") < 8^|^'||5"|. 

Proof. Assume for a contradiction that the claim is false. Set Bi := {x G B" : dG{x,A') > 
4:^\A'\}. By assumption 

8^\A'\\B"\ < e{A',B") < \B^\\A'\+4^\A'\\B% 

which gives that \Bi\ > 4y^|B"|. By (11), as \B"\ < {^ + ^)N', we derive that 

(12) e{A",B") > {^-2j)N'\A"\ > {1 - 6j){^ + -f)N'\A"\ > (1 - 67)|^"||5"|. 

Let B2 := {x G B" : dG{x,A") > (1 - 3^)\A"\}. We claim that \B2\ > (1 - 3^)\B"\. In- 
deed, consider e{A'\B") := \A"\\B"\ - e{A",B"). If \B2\ < (1 - 2,^)\B"\, then e{A",B") > 
3y^\B"\3y^\A"\ = 9-f\A"\\B"\, contradicting (12). 

Let Bo := Bi n B2. We have that \Bo\ > (4^ - 3^)\B"\. Since > AT'/S and 7 < 1/36, 
we derive that \Bo\ > ^N' /3 > 2^N'. For every x G Bq, we have 

dG(x) = dcix, A") + (fG(^, A') 

> (1 - 3V^)|^"| + 4V^|^'| = (1 - 7^7)1^"! + 4V7iV 

(The penultimate inequality follows since \A"\ > (5 — 7)iV.) This is a contradiction to (ii). □ 
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Recall that e{A",B') < -fN'\A"\ < -fNN'. Thus, by (10) 

(13) e{A', B') = e(X^ S') - e{A", B') > (1/2 - -i)N\B'\ - jNN' > (1/2 - 4-f)N\B'\. 

(The last inequality follows since \B'\ > (1/2 — j)N'.) Therefore, as e{A',B') < we have 

l^'l > (1/2 -47)iV. 

Pick a set X' C X'^' of size \N/2] such that |X'n^'| is maximized. Similarly, pick a set Y' C y 
of size \N'/2] such that \Y' n B'\ is maximized. Set X" := \ X' and Y" := y^' \ Y'. 

Claim 5.8. The following conditions hold: 

• e{X',Y') > \X'\\Y'\ - pNN'/A; 

• e(X",Y") > \X"\\Y"\- /3NN'/4:,■ 
• e{X',Y"),e{X",Y') < /3NN'/4. 

Proof. Since \ A'nX'\ > {1/2 -4-f)N, we have \A"nX'\ < \N/2] - {l/2-4'y)N < B-jN. Further, 
\B' n Y'\ > (1/2 - j)N' and so \B" n Y'\ < \N'/2] - (1/2 - 'y)N' < 2'yN'. Hence, 

e{X", Y") > eiA", B") - \A" \ X"\N' - \B" \ Y"\N (1/2 - 27)iV'|^"| - l^NN' 

> (1/4 - 97)iViV' > |X"||y"| - l3NN'/4:. 

(The penultimate inequality follows as \A"\ > (1/2 - 7)iV.) Note that \A' \ X'\ < jN as \A'\ < 
(1/2 + 7)Ar and \B' \ Y'\ < 2-fN' as \B'\ < (1/2 + 2'y)N'. Thus, 

(13) 

e{X', Y') > e{A', B') - \A' \ X'\N' - \B' \ Y'\N > (1/2 - A-i)N\B'\ - 3jNN' 

> (1/4 - 6-f)NN' > \X'\\Y'\ - PNN'/A. 

(The penultimate inequality follows as \B'\ > (1/2 - 7)7V'.) Since \A'\ > (1/2 - 47)Ar, \X' \ A'\ < 
Further, \B"\ > (1/2 - 27)A^' and so \Y" \ B"\ < 2-fN'. Thus, by Claim 5.7, 

e{X',Y") < e{A',B") + \X' \ A'\N' + \Y" \ B"\N < 8^|^'||5"1 + 77iViV' < (3NN'/A. 

Since \A"\ > (1/2 - 7)iV, \X" \ A"\ < -fN. Further, \B'\ > (1/2 - 7)iV' and so \Y' \ B'\ > 2^N'. 
Hence, 

e{X", Y') < e{A", B') + \X" \ A"\N' + \Y' \ B'\N < 'yN'\A"\ + ^'jNN' < PNN'/A. 

□ 

Claim 5.8 immediately implies that G = B^^k =t PNN', as desired. □ 

5.2. Proof of Lemma 5.4. Define constants P,Pi,r] and no G N so that 

(14) < 1/no < ^ < A < < e,l/^- 

Let H and G be as in the statement of the lemma. Throughout this section, when it is clear from 

the context, we will write V for the vertex set V{H) and E for the edge set E{H). Note that 
r > 2 and r' > 1 as /c > 3. Since G is a bipartite graph with vertex classes X^ and Y^' , and 
G = Bn^k i /3NN', there exists a partition Xi,X2 of X^ and a partition Yi, I2 of Y^' so that 

• jxil = \N/2], IX2I = [N/2\, \Yi\ = \N'/2], and \Y2\ = [N'/2\; 

• \E{G)AE{Kxi,Yi ^ Kx2,Y2)\ — in other words, G becomes the disjoint union of 
two complete bipartite graphs Kxi,Yi and Kx2,Y2 after adding or removing at most I5NN' 
edges. 

Throughout the proof, we assume that Bn^j^ = ii'xi.Yi U Kx2,Y2- 

We call a /^-subset S oiV had if there are two partitions P, P' and QiQ' of S such that both of 
the following conditions hold: 

12 



D{u,v) ■■=-{Se { \ ■.u,ve S,(t){S ~u) ^(PiS -v] 



(1) PP' G E{Bn,k), namely, either P e Xi and P' e Yi or P e X2 and P' G Y2; 

(2) QQ' E{B,lk), namely, either Q G Xi and Q' ^¥201 Q e X2 and Q' G ^i. 

Claim 5.9. At most (3NN' k-subsets ofV are bad. 

Proof. Let S QV he a bad k-sct and let P, P' and Q,Q' be partitions of S as in the definition of 
a bad fe-set. If 5 G E{H), then QQ' G ^(G) \ E{Bn,k)] otherwise PP' G S(5n,fc) \ E{G). In either 
case 5 gives rise to an edge from E{G)AE{Bn^k). Furthermore, two different bad A;-sets give two 
different edges of E{G)AE{Bn,k)- Since \E{G)l\E{Bn,k)\ < I3NN', the number of bad A;-sets is at 
most 13 NN'. ' ' □ 

Viewing Xi,X2 as the colors of r-subsets of V, we define the color function cp : X^ — t- {Xi, X2} 
with (j){P) = XiiiPe Xi. Similarly we define ^ : V' ^ {^1, ^2} such that ^{Q) = Yi if Q e Yi. 
Given two distinct vertices u,v eV, we define two symmetric functions"*^ 

C{u,v) := j-^ e : u,v G S,(p{S-u) = ^{S - v) 

V 
r + 1 
Similarly, we define 

G'iu,v) :=!^Se (^/_^^ :u,veS,^{S-u) = i;iS-v)Y 

D'{u,v) :=|5g (^^,^^) :u,veS,^iS-u)^i^{S-v)Y 

Note that the definition of D{u,v) is different to the definition of Dp{u,v) stated in Section 2.3. 
Thus, when referring to the latter parameter we never omit the subscript. Note that 

(15) \C{u,v)\ + \D{u,v)\={^^~_'^^ and \G' {u,v)\ + \D' {u,v)\ = (^^~_^^ . 

Claim 5.10. All but at most fiiv? pairs of vertices u,v &V satisfy the following two properties. 

(i) : \C{u,v)\ < Pm''-^ if and only if\C'{u,v)\ < /Jm'''-^ 

(ii) : \D{u,v)\ < Pm"-^ if and only if\D'{u,v)\ < Pm'''-'^. 

Proof. Suppose for a contradiction that the claim is false. Consider two vertices u,v eV such 
that (i) fails. Suppose that |C(';i,t;)| < j5in''~^ but \C'{ti,v)\ > (3in^ (the other case can be 
proven analogously). By (15), we have \D{u,v)\ > (^Zi) — /3in''^^. We claim that P U Q is a bad 
fe-set for all P G D{u,v) and Q G C'{u,v) such that P Ci Q = {u,v}. Indeed, P G D{u,v) implies 
that one of P — u and P — « is in Xi and the other is in X2, and Q G C'{u, v) implies that Q — u 
and Q — V are both in Yi for some i G {1, 2}. If P n Q = {u, v}, then precisely one of the two pairs 
{P — u, Q — v} and {P — v,Q — u} is in E{Bn,k)- Thus, by definition, the fc-set PL) Q is bad. 

Next consider a pair of vertices u,v e V that fails (ii). Suppose that \D{u,v)\ < Pirf~^ 
but D'(u,v) > Pin^' ~^ (again, the other case can be proven analogously). By (15), |(7(n, f)| > 
(r-i) ~ A similar argument to before yields that P' U Q' is a bad k-sei for all P' G C{u, v) 

and Q' G D'{u, v) such that P' n Q' = {«, v}. 

Note that given any (r' — l)-set, at most (r' — 1)(^"2) {r — l)-subsets of V are not disjoint from 
this set. Thus, given any (r'+l)-set Q that contains u and v, at most ('"'— l)(r-2) (''+l)-sets P that 



■'■It looks simpler to define C,D,C',D' functions as the families of (r — l)-sets or (r' — l)-sets instead, e.g., 
C"(m, v) = {T £ (^^/"f^) : ipiT + u) = V(r + v)}. However, when = 3 (thus r' = 1), this new definition defines 
C(w, v) = for all w, v € 1^, while our present definition of C'{u,v) returns {uv} when ip{u) = tp{v) and otherwise. 
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contains M and satisfy PnQ 7^ {u,v}. Further, note that [r-i) ~ 1^^'^'^'^ ~ i"^' ^ ^){r-2) - /^i't-"'"^- 
Therefore, when considering all possible pairs of vertices u,v eV that fail (i) or (ii), we obtain at 

bad A;-sets as a A;-set may be counted at most (2) {^Zi) times. This contradicts Claim 5.9. □ 

We call an (unordered) pair of vertices u,v E V consistent if u, v satisfy both (i) and (ii) from 
Claim 5.10. Thus, all but at most /3in^ pairs of vertices from V are consistent. We call two vertices 
u,v eV similar if \C{u,v)\ < Pin'^~^ or \D(u,v)\ < f^in"^'^. 

Claim 5.11. Less than /3in^ pairs of vertices u,v are consistent but not similar. 

Proof. Let u,v £ V he consistent but not similar. Thus, \C{u,v)\ > /3in'^~^ and \D(u,v)\ > 
/3in^~^. Since u,v are consistent, \C{u,v)\ > f3in^~^ implies that \C'(u,v)\ > /3in^'~^. As seen 
in the proof of Claim 5.10, P U Q is a bad A;-set for all P G D{u,v) and Q G C'{u,v) such that 
PCiQ = {u,v}. Thus, if there are at least /3in^ pairs of vertices u,v eV that are not similar but 
are consistent, then the number of bad A;-subsets of V is at least 



(14) ^f n\ f n 
> P 



contradicting Claim 5.9. □ 

Let vq eV he a vertex such that at least (1 — 4:l3i)n vertices of V are both consistent and similar 
to vq: such a vertex vq exists because otherwise at least 4/?in^/2 = 2/3in^ pairs of vertices are not 
consistent or are not similar, contradicting Claim 5.10 or Claim 5.11. Let Vq he the set of vertices 
in V that are not consistent or not similar to vq. (Note that Vq G Vq.) The choice of vq implies 
that \Vo\ < 4/3in. Define 

Vi := {v e V \Vo : \D{v,vo)\ < Pm"^'^} and V2 := {v e V \Vo : \C{v,vo)\ < /3in^~^}. 

Note that Fi n V2 = otherwise by (15), it implies that ("Z^) < 2/3in''~^, a contradiction. 

Claim 5.12. The following properties hold. 

(a) \D{v,v')\ < 3/3in''^^ and \D'{v,v')\ < 3Pin^'~^ for all pairs of distinct vertices v,v' E V 
such that V, v' G Vi or v, v' G V2; 

(b) \C{v,v')\ < 3/3in'-i and \C'{v,v')\ < 3/3in'''~^ for all v € Vi and v' G V2. 

Proof. Let A denote the set of (r — l)-subsets of V that contain vq and let A' denote the set of 
(r' — l)-subsets of V that contain vq. Consider distinct v,v' G V — vq and suppose T U {v,v'} G 
D{v,v') for some (r — l)-subset T of V — {v,v'}. Then cither TG^orTC V — {vo,v,v'}. 
In the latter case, as T + v and T + v' have different colors, one of them has the same color as 
T + vo and the other has a different color to T + vq. Thus, either (i) T U {v, vq} C D(v, vq) and 
T\J{v',vo} C C{v',vo) or (ii) T\J{v,vo} C C{v,vo) and ru{u',vo} C D{v',vo). This implies that 

(16) \D{v,v')\<\D{v,vo)\ + \D{v',vo)\ + \A\ and \D{v,v')\ < \C{v,vo)\ + \C{v' ,vo)\ + \A\ 
for all distinct v,v' G V. An analogous argument implies that 

(17) \D'{v,v')\<\D'{v,vo)\ + \D'{v',vo)\ + \A'\ and \D' {v,v')\ < \C'iv,vo)\ + \C'{v' ,vo)\ + \A'\ 

for all distinct v,v' G V. 

Consider any distinct v,v' G Vi. By the definition of Vi and (16), we have 

\D{v,v')\ < \D{v,vo)\ + \D{i/,vo)\ + \A\ < 3Pin'-\ 
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As V, vq and v\ vq are both consistent pairs, the fact that v, v' € Vi imphes that \D'{v, vq)] < Pin^' ^ 
and \D'{v',vq)\ < Pirf'-^. Thus, by (17) we have that \D'{v,v')\ < 2/32n'^'~^ + |^'| < 2,Pirf'-^. 
Next consider any distinct v,v' G V2. By the definition of V2 and (16), we have 

\D{v,v')\ < \C{v,vq)\ + \C{v',vo)\ + 1^1 < 2>l3irf-\ 

We can show that \D'{v,v')\ < SPm'''-^ as before. 

Consider any v e Vi and v' G V2. Suppose that T C V — {vo,v,v'} is an (r — l)-set such that 
TLi{v,v'} C C{v,v'). SoT + v and T + v' have the same color. Hence, T + vq has either a different 
color to r + or the same color as T + v'. Thus, 

\C{v,v')\ < \D{v,vo)\ + \C{v',vo)\ + \A\ < 3(3in'"\ 

where the second inequality follows by the definitions of Vi and V2. An analogous argument gives 
that\C'{v,v')\<3Pin'''~\ □ 

Once we have obtained more information we will prove that \Vi\ and IV2I are close to n/2. 
However, to prove Claim 5.14 we first require the following weaker lower bounds on |Vi| and \ V2\. 

Claim 5.13. \Vi\,\V2\ > 

Proof. Suppose that \V \Vi\ = cn for some c. Let us consider 

m:= J2 \Div,v')\< Yl E l^Ml- 

By Claim 5.12 (a), the first term is at most (^^3l3in^~^ < 2f3in'^~^^. The second term is at most 
^"'(r-i)'^' ^ (r-i)! "-^"*"^- Together this gives that m < (2/3i + c/(r — l)l)rf~^^. 

On the other hand, the definition of Bn^k yields \Xi\ = [(")/2]. Applying Lemma 2.2 to the 
r-uniform hypergraph F := {V,Xi), we derive that m > (| — o(l))(y,"]^) > (note that 

Dp{v,v') = D{v,v') for any distinct v and v'). Together with the upper bound for m, it follows 
that 

^^'^JT^.'^WTTy. ^"^'^ (7^>io(^' 

since /3i <C 1/r. This implies that c > lof^fqixy • Since V \ Vi = V0UV2 and |Fo| < 4/?in, we derive 
that IV2I > ior("_)_i) — 4/3in > 25^1 (again using j3i ^ 1/^)- An analogous argument implies that 

Given two disjoint subsets Ui,U2 C V and two integers i,j > 0, we call an (i + j)-subset 
5 C y an UiU^-set, and write S E U{ui, if \S (MJi\ = i and [S" n U2\ = j. Let ao := and 
ai+i := ai + ^(20r^)^/3i for < z < r. Set ni := \Vi\ and 712 := |F2|- 

Claim 5.14. 

(1) For all i = 0,...,r, at least (1 - ai)("/J/) (J) V^-'V^-sets are in Xj^, where ji G {1, 2} 

and ji+i ji; 

(2) For alii = 0,.. .,r', at least (1 - ai)('^r^) C^^) yi'''-V2*-seis are in y^/, where j[ G {1, 2} 

Proof. We only prove the first assertion as the proof for the second is analogous (even in the 
case when r' = 1). We proceed by induction on i. We first apply Lemma 2.2 to the r-uniform 
hypergraph F with vertex set Vi and edge set Xi n (^^). If F has edge density p G [aoj 1 — "0]) 
then there are vertices v,v' G Vi such that \DF{y,v')\ > ao(l — aQ)n\~^/{r + 1)!. However, by 
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Claim 5.12 (a), \D{v,v')\ < Spm"-^. Since ao = ^/Pi < 1/r and m > n/20r'^ by Claim 5.13, we 
have 

3Prn^-' > \D{v,v')\ > \Dp{v,v')\ > «o(l-«o) ^.-i > > 3^ .-i 

a contradiction. Thus, p>l — aoorpKl — uq. If p > 1 — a^, then at least (1 — (Xo){"'r) r-subsets 
of Vi are in Xi and we set jq := 1. If /? < 1 — ckq, then at most ao^^^) r-subsets of Vi are in Xi. 
Thus, at least (1 — ao)("^) r-subsets of Vi are in X2 and we set jo := 2. 

For the induction step, we actually prove that there are vertices vi,... ,Vr G Vi such that for 
each < f < r, at least (1 - ai)(7r/) (?) (^1 \ {^'i, • • ■ ,Vi}Y-'Vfsets are in Xj, where j = jo if i 
is even and j = 3 — io if ^ is odd. Suppose this assertion holds for some < i < r. By an averaging 
argument, there exists a vertex f j+i G Fi \ {vi, . . . ,Vi} and at least 

(1 - «.) h h) ^ = (1 - a.) h h 

\r — I J \ i J ni — I \r — I — \ J \ I 

{r - l)-sets P e{Vi\ {vi, . . . ,ViJ^i}y-^-'^Vi such that {vi+i} U P G Xj. This implies that 
|{n G F2, P e {Vi \ H, . . . ,Vi+^}Y-'-^vi -.u^P, {vi+i} UPe Xj}\ > 

a-«)(:_7:i')(T)'--"- 

Since Vj+i G Vi, given any n G V2, we have \C{vi+i,u)\ < 3j3in^~^ by Claim 5.12 (b). Thus, 
\{u G V2,P G (Vi \ {v,, . . .,Vi+i}Y-'-^Vi : M U P G Xs_j}\ > 
(l-aO(:^7:;)(7)(n.-.)-3^.n-V. 

Let mj+i be the number of (Vi \ {vi, . . . , t'j_|_i})''~*~^V2*^^-sets in X^-j. We thus have 

fni-i-l\ f n2\ n2 - i 3/3i 

It is easy to see that ("^j/) > n{~*nyr^ ior < t < r. Claim 5.13 states that ni,n2 > 20^2 
Consequently, 



for all < t < r. Therefore, 



ni — i — 1^ n2 \ 3/3i ^^^^s^ ( ^^2 



r — z — 1/Vz + l/ i + l \r — i — ll\i + l 



= (1 - a^+i) 



ni - i - 1\ / 712 
r — i — 1 yv^ + iy 



as desired. □ 
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Set a := maxo<i<r. a^, rji := (2q;)^/'' + i^i and h := ni + n2 = \Vi U V2I. 
Claim 5.15. \Vi\, \V2\ > (1 - m)n/2. 

Proof. We have that n > {1 — 4/5i)n since |Vb| < 4/3in. Let c := ni/n. It suffices to show that 
^(1 - (2q;)V'-) < c < ^(1 + (2a) V'-) because this implies that 

ni = cn> ^(l-(2a)i/')(l-4/3i)n> (l-r?i)^ 

and n2 = (1 - c)n > i(l - (2a)i/'^)(l - 4/3i)n > (1 - ??i)n/2. 

Without loss of generality, assume that Jq = 1 in the statement of Claim 5.14. Thus, 

i-'i^ E (.-".) (::;)(";).(!-«) t (;:'.)(";)- ok-)- 

0<i<r, jcvcn ^ / \ / 0<i<r, ieven / \ / 

Hence, by Proposition 2.3, > (1 — a)^(l + (2c — l)*") — 0{n^~^), which implies that 

> (1 - a)(l - ^PiY^^l + (2c - l)--) - O(n'-i). 

If (2c - 1)'^ > 2a, then 

(1 - a)(l - 4^i)'^(l + (2c - 1)'^) > 1 + a/2, 
since /3i = ag < a^ <C 1/r. Consequently, \Xi\ > (1 + a/4)^. This contradicts the assumption 
\X,\ = \{^)] < ^. Thus, 

(18) (2c-l)''<2a. 

If c > 1/2, then (18) implies that c < (1 + (2a)^/'')/2 and we are done. Otherwise assume that 
c < 1/2. If r is even, then (18) implies that (1 - 2c)'' = (2c - 1)'' < 2a and so c> (1 - (2a)V^)/2. 
If r is odd, then we apply Claim 5.14 and Proposition 2.3 obtaining that 

m> (1 -ad (";_-;) (";)>(i-a)|:(i- (2c -ir)-o(„'-). 

If 1 — (2c — 1)*" = 1 + (1 — 2c)'' > 1 + 2a, then we obtain a contradiction as before because 
1^2! = L(r)J ^ Hence, (1 - 2c)'' < 2a and consequently c> (1 - (2a)i/'')/2, as required. □ 

By Claim 5.15, there exists a partition V/, F2 of V such that \V(\ = [n/2\, 1^2'! = [n/2] and 
\Vi n V'\ > (1 - m)n/2 for each i = 1, 2. 

Claim 5.16. The hypergraph {V,Xi) is rj-dose to Bn,r{Vi,y2) or i3„^j.(^i > ^2'); '^^^ hypergraph 
{V, Yi ) is 7j-close to Bny (Vl, V^) or B^y {VI, V^) . 

Proof. By Claim 5.14, at least 

a -«.)(::;) (7). E (;_',) (T)-°("'-') 

0<i<r, jcven ^ / \ / 0<i<r, icven ^ / \ / 

r-subsets of Vi U V2 are in Xj^ and have an even number of vertices in ¥2, and at least (1 — 
oj) So<i<r iodd {r-i) (T) ~ 0{rf~^) r-subscts of Vi U V2 are in Xj^ and have an odd number of 
vertices in V2. 

Suppose that r is odd. Set B := Bn^riVii V2). By definition. 




Claim 5.14 thus implies that 

(19) \E{B) n XjJ > (1 - a)\E{B)\ - 0^"^) and \E(B) D Xj^\ > (1 - a)\E(B)\ - O^-^). 
It follows that 



\E{B) \ Xj,\ = \E{B)\ - \E{B) n XJ < a\E{B)\ + 0{n'-') < 2a{ 
On the other hand, letting Xj^ := Xj^ n{^Y'')^ we have 

\Xj, \ E{B)\ < \Xj, \ E{B)\ + \Vo\ I J) < \Xj, n E{B)\ + 4/3in(^ ^ J) 

= \E(B)\-\E(B)nXj,\+4(3ir{ 

(19) 



r-i. . ^ I n\ _ / n 



< a\E{B)\ + 0{n'-') + 4Pir\^^j <2a^^ 

We thus derive that 1^(5) AX^J < 4a{'^). 

Note that at most 2^n vertices of V are not in (Vi fl V() U (V2 fl and each edge in 
E{B)AE{Bn,riV(,V2)) must contain such a vertex. Hence, 

\E{B)AE{BnAVl, V^))\ < viJ'' ~ 



r-1 



Therefore, 



Since jo G {1, 2}, we conclude that (V, Xi) is ry-close to Bn,r{V(, V2) or Bn^riYl^ ^2)- The case when 
r is even is analogous. Moreover, analogous arguments show that (V,il) is 77-close to Bn,r'{yi-,V2) 

OTBn,r'{Vl,\q). ' □ 



Claim 5.17. H is e-close to Bn,k{Vi,Vi) or Bn,k{Vi,V.{). 

Proof. Since we always consider the partition F/, V^' of V , we write, for example, Bn,k instead of 
Bn^kWi^ V2] throughout the proof. We call a set iS C y even if 15 fl F/l is even. Otherwise we say 
that 5 is odd. Thus, E{Bn,r) consists of all odd r-sets, and E{Bn,r') consists of all even r'-sets. For 
convenience, we use Xi,Yi to denote the hypergraphs (V, Xj), (V, 1^) for i = 1,2. 
There are four possible cases: 

(1) Xi = Bn^r i V'lT'^ ^■^d Yi = Bny =t rjn^' , 

(2) Xi = Bn,r ± VIT'^ S'^d Yi = Bny it Tju'^' , 

(3) Xi = Bn,r i r/ra'' and Yi = Bny i > 

(4) Xi = Bn,r i r]n'^ and Yi = Bny i r/n*" . 

We claim that H = Bn^k =t en^ under Cases 2 and 3, and H = Bn,k i S7i^ under Cases 1 and 4. 
Below we show that H = Bn,k =t sn'^ under Case 2. (The other cases are analogous.) 

Assume that Xi = Bn,riw^ Yi = Bn,r'^il'n^ ■ Our goal is to show that \E{H)/\E{Bn,k)\ < 

First we show that \E{H)\E{Bn,k)\ < en^/2. Consider any k-sct Q from E{H)\E{Bn,k)- Since 
Q E[Bn,k) (and thus |(5 n F/| is even), Q can be partitioned into (i) an even r-set x and an 
even r'-set y or (ii) an odd r-set x and an odd r'-set y. As Q e E{H), in both cases we have that 
{x,y} G E{G). Thus, 

\E{H)\E{Bn,k)\ < IS1I + IS2I, 
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where Si is the set of all disjoint w £ , z G Y^' such that w and z are even and {w,z} G E{G) 
and S2 is the set of all disjoint w_ G ^ z_ G such that w and z_ are odd and {w, 1} G E[G). 

Since Xi = =t ?7?T''' (and thus X2 = Bn,r =t r/n^), there are at most r]rf {J^^ < 7]n^ pairs 
G ^1 such that u; is not in X2. Since Yi = Bn,r'^W^\ there are at most ??n'''(") < Tyn*^ pairs 
{w^jI} € Si such that z_ is not in Yi. By the structure of G, at most (") < /Jn'^ pairs w_ G X2, 
z G Yi are such that {u^,^} G E(G). Together, this implies that |Si| < [t] + 7] + j3)n^ < en^ /4. 

Since Xi = ySn^ri^'^^) there arc at most ryn'" (") < r/n^ pairs z} G S2 such that is not in Xi . 
Since Y2 = Bny =t r]rf\ there are at most T^rf' (") < 'qn^ pairs {w_,z} G S2 such that z is not in 12- 
By the structure of G, at most (") < Pn^ pairs u; G Xi, ^ G I2 are such that {w,z} G E{G). 
Together, this implies that IS2I < (?? + ?? + /3)n'= < en^/A. So indeed, \E{H) \ E{Bn,k)\ < en^/2. 

Next we show that \E{Bn,k) \ E{H)\ < en^ 12. Consider any /c-sct Q from E{Bn.k) \ E{H). Since 
Q G E{Bn,k) (and thus |(3 1^ ^il is odd), we can partition Q into (i) an even r-set x and an odd 
r'-set y or (ii) an odd r-set x and an even r'-set y. As Q ^ E{H), in both cases we have that 
{x,y}~^ E{G). Thus, 

\E{Bn,k)\E{H)\ < |ri| + |r2|, 

where Fi is the set of all disjoint w G X^ , z G y such that w is even, z is odd and {w,z} E{G) 
and r2 is the set of all disjoint w_ G X**, z G y such that w_ is odd, z is even and {w_,z} E{G). 

Since X2 = Bn,r i V^^^ there are at most ?7?^^(") < Vi^'^ pairs {w;,^} G Fi such that w is not 
in X2 . Since ^2 = Bny ± , there are at most rjn^' (") < rju'' pairs {u;, z} G Fi such that z 
is not in 12- By the structure of G, at most /?(") (^"i) < /Sn'^ pairs w G X2, z E Y2 are such that 
fe^;} -E'(G). Together, this implies that |Fi| < (77 + 77 + ;5)n'^ < en'^/A. 

Since Xi = Bn,r^Vi^^ ^ there are at most r]rf(^^,) < r^n^ pairs {w^,:?} G F2 such that w is not in X^. 
Since Yi = Bn,r' =t '7'^-'^' j there are at most rjn'^' (") < rjn'' pairs {w, z} G F2 such that z is not in Yi . 
By the structure of G, at most /3(") (") < /3n^ pairs w; G Xi, z G Yi are such that {w,z} E{G). 
Together, this implies that IF2I < (?? + ?? + /3)n'' < en^/A. So indeed, \E(Bn,k) \ E{H)\ < en^ jl. 
Therefore \E{R)l\E{Bn,k)\ < , as desired. 

□ 

This thus completes the proof of Lemma 5.4. 
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